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The motion control problem for a class of mechanical systems is addressed. The system con� guration can be
represented in terms of a set of generalized coordinates in RRn and l rotation matrices in the special orthogonal
(SO)(3) group. A key point is the choice of a globally valid parameterization of SO(3) in lieu of the usual three-
parameter representations. To this end, the unit quaternion is adopted.A novel control law is proposed that is based
on a velocity observer to avoid velocity measurements. Exponential tracking of the commanded motion trajectory
is proven via the Lyapunovdirect method. The proposed controller–observer scheme is � rst applied in a simulation
case study to the attitude control of a rigid spacecraft. Then, the problem of position and orientation control of the
end effector of a robot manipulator is considered. For the latter case, experimental results are provided to show
the potential of the approach in tackling practical problems.

I. Introduction

M OTION controlof articulatedmechanicalsystems is a crucial
issue for a wide range of applications, for example, robotics

and autonomous vehicle–manipulator systems for underwater and
space applications.

The common feature of this class of mechanical systems is that
they consist of a number of rigid bodies coupled to each other.
The system con� guration can be related to a set of n generalized
coordinates belonging to Rn , together with l rotation matrices be-
longing to the special orthogonal (SO)(3) group. These matrices
describe the attitudeof l bodies of interest in the system. Therefore,
the con� guration space can be representedby the Cartesian product
Rn £ SO(3)l (see Ref. 1).

A simple example is given by a free-� oating rigid body, for ex-
ample, a rigid spacecraft,whose con� gurationcan be representedin
terms of a rotation matrix describingthe orientationof a body-� xed
frame with respect to a reference frame (l D 1). Another example is
represented by a six-degree-of-freedom robot manipulator, which
can be modeled in terms of end-effector position (n D 3) and ori-
entation (l D 1). Also, the con� guration space of a six-degree-of-
freedom manipulator mounted on a � oating base, for example, an
underwater vehicle–manipulator system, is given by R6 £ SO(3)2;
in this case the position of the manipulator’s tip and of the base
(n D 6) are of interest, as well as the end-effector orientation and
the base attitude (l D 2).

For the preceding class of mechanical systems, the motion con-
trol objective consists of tracking the desired trajectories for the n
generalized coordinates and the desired attitude trajectories for the
l rigid bodies. For control design purposes, a major problem is the
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choice of a singularity-freeparameterization of SO(3). A minimal
parameterization in terms of three variables for example, Euler an-
gles, leads to a mapping between SO(3) and R3 , which is singular
for some con� gurations (representationsingularities).Therefore, it
is convenient to adopt a nonminimal parameterizationthat provides
a global representation of the SO group of rotations. To this end,
the unit quaternion2 has been widely adopted to develop control
algorithms both in SO(3) (Refs. 3–5) and in Rn £ SO(3)l (Ref. 1).

Tracking control strategies typically require full-state measure-
ments, that is, the n generalized coordinates, the orientation of the
l frames, and the correspondingvelocities.However, velocity mea-
surements are often not available and they are usually replaced by
numerical derivatives of the measured con� guration coordinates.
This may lead to chattering of the control inputs due to the com-
bined effect of measurements noise and quantization. Indeed, high-
frequency chattering is usually � ltered out by the system but may
cause high power consumptionand actuatorwear and may magnify
the effects of other phenomena, for example, friction and elasticity.

To avoid this undesirable behavior, the use of suitable velocity
estimates via nonlinear observers or lead � lters in the feedback
loop have been proposed for the attitude control problem.6¡8 In the
frameworkof robotmanipulatormotioncontrol,both joint space9¡11

and task space12 approacheshavebeenpursued; also, adaptive13 and
neural network14 output feedback schemes have been devised.

In this paper, the problem of tracking control of mechanical sys-
tems in the absence of velocity measurements is addressed. The
proposed approach extends the results presented in Ref. 15 for the
case of attitude control of a spacecraft to the general case of mo-
tion control of articulated mechanical systems in Rn £ SO(3)l . In
Ref. 15, two alternative output feedback schemes were proposed:
The � rst was based on the passivitypropertiesof rigid-bodydynam-
ics and the second was based on a proportional derivative control
law with nonlinear feedforward compensation.The performanceof
the two schemes was tested in simulation and similar results were
obtained. To exploit the passivity properties of mechanical systems
fully (see Ref. 16 and the references therein), the � rst output feed-
back scheme is further investigated and extended to a more general
class of mechanical systems. A passivity-based control law is de-
signed in detail, together with a nonlinear observer; then, the two
algorithms are tuned to each other to achieve exponential conver-
gence of both tracking and estimation errors. The stability analysis
is carried out by using the Lyapunov direct method, and suf� cient
conditions ensuring exponential stability are derived.
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To better understand the bene� ts of the proposed approach, the
controller–observer algorithm is tested in a number of case stud-
ies and compared to a passivity-basedcontroller requiring full-state
feedback, where the estimate of velocity is achieved from position
measurements using a simple linear � lter. Both simulations and ex-
perimental results show a signi� cant improvement of performance
of the outputfeedbackcontroland con� rm that the absenceof veloc-
ity measurements has to be considered carefully for control design
purposes.

The paper is organizedas follows.InSec. II, thedynamicmodelof
an articulatedmechanical system is developedin terms of a suitable
set of generalizedcoordinates.InSec. III, thedesignof thepassivity-
based controller–observer algorithm is presented. In Sec. IV, the
analysis of two case studies is carried out: First, the attitude control
problemof a rigid spacecraft in the presenceof measurementsnoise
and quantization effects is considered and simulation results are
presented; then, the position and orientation control problem of the
end effectorof a six-degree-of-freedomrobotmanipulatoris tackled
and both simulationand experimental results are presented.Finally,
some useful properties of the unit quaternion are summarized in
Appendix A, and Appendix B reports the stability proof.

II. Modeling
Consideran articulatedmechanicalsystemcomposedof a number

of rigid bodies coupled to each other. Let x 2 Rn denote a vector of
generalized coordinates for the system (e.g., position of some rigid
bodies in the system, position/rotation of mechanical joints) and
de� ne the (3l £ 3l) matrix

R0 D diag
©
R0

1; : : : ; R0
l

ª
(1)

where R0
i 2 SO(3) are the rotation matrices representing the orien-

tation of l coordinate frames 61; : : : ; 6l , each attached to the cor-
responding rigid body with respect to a common reference frame
60. Hereafter, the superscript 0 will denote that the corresponding
quantities are expressed in the frame 60; the superscript will be
dropped whenever a quantity is referred to a frame 6i .

The (p £ 1) velocity vector of the system, with p D n C 3l, is
de� ned as

v D
µ

Px
!

¶
(2)

where

! D

2

4
!1
:::

!l

3

5 (3)

is the stacked vector collecting the l angular velocities of the rigid
bodies, expressed in the corresponding body-� xed frames, that is,
!i D R0T

i !0
i . The angular velocities satisfy the equation

PR0
i D R0

i S3.!i /; i D 1; : : : ; l (4)

where S3.¢/ is the (3 £ 3) skew-symmetricmatrix operatorperform-
ing the cross product.

The equations of motion for the class of mechanical systems
considered here can be expressed in the form1

M. X / Pv C C. X ; v/v C g. X / D u (5)

where the set X D fx; R0g describes the system con� guration,
M.X / 2 Rp £ p is the inertia matrix, C. X ; v/ 2 Rp £ p is the matrix
of centrifugal and Coriolis terms, g. X / 2 Rp is the vector of the
potentialforces, and u 2 Rp is the vector of input generalizedforces
provided by the actuators.

It is assumed that the following properties hold:
Property 1: The matrix M is symmetric and positive de� nite;

moreover, it satis� es the inequality Mm · kMk · MM , where Mm

(MM ) is the minimum (maximum) eigenvalue of M.
Property 2: For a suitable parameterization of C, the matrix

PM ¡ 2C is skew symmetric, which implies that PM D C C CT .

Property 3: The matrix C satis� es the inequality

kC.A; b/ck · CM kbkkck

and the equality

C.A; ®1b C ®2c/ D ®1C.A; b/ C ®2C.A; c/

Note that for systems containing kinematic chains, for example,
robotmanipulators,thedynamicmodel (5) and the relatedproperties
may become not well-de� ned at con� gurations corresponding to
kinematic singularities.17 This problem is very challengingand can
be addressed by adopting different approaches (see Ref. 18 and
referencestherein).Namely, if motionplanningis performedof� ine,
theoccurrenceof kinematicsingularitiescanbe avoidedvia a careful
choice of the desired trajectory. In the case of real-time motion
planning, effective and reliable solutions have been proposed, for
example, for the case of resolved acceleration control.19

Throughoutthepaper,a quaternion-baseddescriptionof the rigid-
body attitude is used.2 In fact, the use of the unit quaternion in lieu
of a minimal representation of the orientation (for example, Euler
angles) allows overcoming problems arising from representation
singularities;also, the unit quaternion possesses useful properties20

that allow reduction of the computationalburden and lead to a more
compact formulation of the control law. A few basic concepts re-
garding unit quaternions are summarized in Appendix A.

III. Control
The control objective consists of tracking a desired trajec-

tory xd.t/ for the generalized coordinates and l desired attitude
trajectories, speci� ed in terms of the unit quaternions Qdi .t/,
i D 1; : : : ; l, without using velocity feedback. The desired velocity
vector for the generalized coordinates is Pxd.t/, whereas the vec-
tor !0

d .t/ D [!0T
d1 .t/; : : : ; !0T

dl .t/]T represents the desired angular
velocities. The desired accelerations are assigned in terms of the
vectors Rxd.t/ and P!0

d .t/.
The desired angular velocities are naturally assigned with re-

spect to the frame 60. To preserve consistency with the dynamic
model (5), the angular velocities are to be referred to the body-� xed
frames 61; : : : ; 6l , that is,

!d D R0T !0
d (6)

Therefore, the desired velocity vector is de� ned as

vd D
µ

Pxd

!d

¶
(7)

It assumed that kvd.t/k · vd M for all t ¸ 0.
The computation of the time derivative P!d in body-� xed coordi-

nates requires knowledge of the actual angular velocities. To over-
come this problem, a suitable feedforward acceleration vector has
to be used in lieu of P!d , namely,

ad D
µ

Rxd

R0T P!0
d ¡ S.!d/R0T !0

d

¶
(8)

which can be evaluated without using the actual angular velocities.
In Eq. (8), it is S.!d / D diagfS3.!d1/; : : : ; S3.!dl/g.

Note that Pvd and ad are related by the equality

Pvd D ad C SO . Q!d/vd (9)

where SO .¢/ D diagfOn; S.¢/g, On is the (n £ n) null matrix, and
Q!d D !d ¡ !.

A. Control Law
In the absence of velocity measurements, it is necessary to resort

to an observer that provides a velocity estimate

ve D
µ

Pxe

!e

¶
(10)
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Let xe denote the estimated generalized coordinates and Qei ,
i D 1; : : : ; l, the estimatedattitudeof the i th rigidbody.The tracking
and estimation error vectors are de� ned as

ed D
µ

Qxd

Q²d

¶
; ee D

µ
Qxe

Q²e

¶
(11)

where

Qxd D xd ¡ x (12)

Qxe D xe ¡ x (13)

and Q²d and Q²e are obtained by stacking the vector parts of the unit
quaternions, i D 1; : : : ; l,

QQdi D Q¡1
i £ Qdi (14)

QQei D Q¡1
i £ Qei (15)

whereas Q́d and Q́e are obtained by stacking their scalar parts. Also,
consider the correspondingvectors of velocity errors

Qvd D

"
PQxd

Q!d

#
D vd ¡ v (16)

Qve D

"
PQxe

Q!e

#
D ve ¡ v (17)

To avoid direct velocity feedback, the following error vector is
used in the control law

ede D
µ

Qxde

Q²de

¶
(18)

where Qxde D xd ¡ xe D Qxd ¡ Qxe, and Q²de is obtained by stacking the
vector parts of the unit quaternions, i D 1; : : : ; l,

Q¡1
ei £ Qdi D QQ¡1

ei £ QQdi (19)

Moreover, the following velocity vectors are introduced:

vr D vd C ¤d ede (20)

vo D ve C ¤eee (21)

which can be evaluated without using the actual velocity v. In
Eqs. (20) and (21) the matrices

¤d D diagf¤d X ; ¸dO1I3; : : : ; ¸d OlI3g

¤e D diagf¤eX ; ¸eO1I3; : : : ; ¸eOl I3g

are diagonal and positive de� nite.
The proposed control law, which can be framed in the passivity

approach,16 is

u D M. X /ar C C. X ; vo/vr C Kv.vr ¡ vo/ C Kped C g. X / (22)

where Kp D diagfKpX ; kpO1I3; : : : ; kpOlI3g, and Kv are symmetric
positive-de�nite matrices, and

ar D ad C ¤d Pede (23)

Notice that the control law (22) requires direct feedback of sole
vehicle position and orientation.

The estimated velocity ve is obtained via the observer de� ned by
the equations

Pz D M. X /ar ¡ .Lp C LvA. Q́e; Q²e/¤e/ee C Kped

C C. X ; vo/vr C CT . X ; vr /vo

ve D M¡1. X /.z ¡ Lvee/ ¡ ¤eee (24)

In Eqs. (24), the matrices

Lp D diagfLpX ; l pO1I3; : : : ; l pOlI3g

Lv D diagfLvX ; lvO1I3; : : : ; lvOlI3g

are symmetric and positive de� nite, and

A. Q́e; Q²e/ D
µ

In O

OT E. Q́e; Q²e/=2

¶
(25)

where O denotes a null matrix of proper dimensions, and the matrix
E is de� ned in Appendix A. The estimated generalizedcoordinates
xe are computed by integrating the correspondingestimated veloc-
ities Pxe , whereas the estimated orientation Qe D fQe1; : : : ; Qel g is
computed from the estimated angular velocities !e by integrating
the quaternion propagation rule

Ṕ e D ¡ 1
2 N.²e/!e (26)

P²e D 1
2 E.´e; ²e/!e (27)

where the matrix N is de� ned in Appendix A.

B. Stability Analysis
In general, the stability of the closed-loop system is not guaran-

teedfor any choiceof thecontrollerand observerparameters.Hence,
it is worth lookingfor a region in theparametersspacewhereasymp-
totic stability is ensured. This goal can be achieved by means of a
Lyapunov argument.

To simplify the notation, it is useful to de� ne the variables

¾d D vr ¡ v D Qvd C ¤d ede (28)

¾e D vo ¡ v D Qve C ¤eee (29)

When Eq. (8) is folded in Eq. (23), the following equality can be
found:

ar D Pvr C SO . Q!d/vd (30)

When Eq. (5) is combined with the control law (22) and equal-
ity (30) and property 3 are used, the tracking error dynamics can be
derived:

M. X / P¾d C C. X ; v/¾d C Kv¾d C Kped

D Kv¾e ¡ C. X ; ¾e/vr ¡ M. X /SO . Q!d /vd (31)

The observer equation (24), together with Eq. (31) and property 3,
provide the estimation error dynamics

M. X / P¾e C .LvA. Q́e; Q²e/ ¡ Kv/¾e C Lpee

D ¡Kv¾d ¡ C. X ; v/¾e C CT . X ; ¾d/vo (32)

Hence, a state vector for the closed-loop system (31) and (32) is

³ D

2

664

¾d

ed

¾e

ee

3

775 (33)

The following theorem holds.
Theorem 1: There exists a choice of the controller gains Kp , Kv ,

and ¤d and of the observer parameters Lp , Lv , and ¤e such that the
origin of the state space of system (31) and (32) is locally exponen-
tially stable.

The proof is given in Appendix B. A simpler stability analysis
valid for the particular case of a single rigid body is reported in
Ref. 15.
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IV. Case Studies
The proposed approach is validated in a number of case studies

developed for two typical systems belonging to the class of me-
chanical systems considered in this paper: a rigid spacecraft and a
six-degree-of-freedom robot manipulator.

In the case of the rigid spacecraft, attitude control is of concern
(n D 0 and l D 1). It is assumed that orientation measurements are
available and the proposed controller–observer scheme is adopted
to overcome the absence of angular velocity measurements.A sim-
ulation case study is carried out, taking into account the presenceof
noise and quantizationon the orientation measurements.

For the case of the robot manipulator, the problem of control-
ling the position and orientation of the end effector is considered
(n D 3 and l D 1). Both a simulation and an experimental study
are carried out on an industrial robot Comau SMART-3 S. As for
any industrial robot, only joint position measurements are avail-
able; hence, the observer–controlleralgorithmis adopted to achieve
end-effector position and attitude trajectory tracking without joint
velocity measurements.

The case studies are aimed at showing that the absence of ve-
locity measurements, in the framework of the passivity-basedcon-
trol, cannotbe underestimated.To this purpose, the proposedoutput
feedback controller is compared to a passivity-basedcontrol strat-
egy requiring full-state feedback, where the absence of velocity
measurements is overcome by computing the velocity via a linear
� rst-order � lter.

The comparison of the passivity-based control approach with
other advanced (full-state or output feedback) control schemes is
out of the scope of this paper. The interested reader can � nd a com-
parisonbetweentheoutputfeedbackcontrolalgorithmconsideredin
this paper and a different advanced output feedback control scheme
in Ref. 15.

A. Rigid Spacecraft
A rigid spacecraft,for example, an unmannedfree-� ying satellite,

can be modeled as a free-� oating rigid body whose con� guration
can be represented in terms of the rotationmatrix R0

1 , describingthe
orientationof a frame 61, attachedto the spacecraftwith respect to a
referenceframe 60. Hence, it is l D 1, n D 0. The dynamicmodel (5)
reduces to the classical Euler’s rotational equation of motion

M P! C C.!/! D u (34)

where all of the quantitiesare expressedin the frame 61 . In Eq. (34),
M is the (3 £ 3) inertia matrix, C.!/ D ¡S3.M!/, and u is the
(3 £ 1) vector of input moments from the actuators. It is assumed
that the inputmomentscanbe appliedcontinuouslyto the spacecraft,
for example, by means of hydrazine thrusters. In practice, these
thrusters can be operated in pulse mode via a closed-loopmodulator
scheme, which guarantees that the mean value of the modulated
output follows the continuous reference input moment.21

Numerical simulations have been performed in the MATLAB®

5.2 with SIMULINK 2.2 environment.For the spacecraftmodel, the
inertia matrix has been selected as

M D diagf1; 0:63; 0:85g kg ¢ m¡2

the presence of white noise (with 10¡12 power) on sensor outputs
has been considered, and quantizationeffects have been introduced
underthe assumptionof a 12-bitA/D converteron theattitudesensor
outputs.

The case study consists of tracking a commanded trajectory
constituted by a rotation of ¼=6 rad about the axis [1=

p
3

1=
p

3 1=
p

3]T to be performed in 2 s, according to a � fth-order
polynomial time law for the desired rotation angle. At t D 0, the
spacecraft orientation has been chosen such that the initial track-
ing error is Q²d.0/ D [¡0:0044 ¡0:0022 ¡0:0009]T . Notice that the
tracking error for the orientation, expressed in terms of the compo-
nentsof thevectorpart of a quaternion,is a nondimensionalquantity.
[See Eq. (A1).]

First, the proposed output feedback control law is adopted. In
particular, Eq. (22) can be written in the form

u D Mar C C.!o/!r C kv .!r ¡ !o/ C kp Q²d (35)

a) Tracking errors

b) Control inputs

Fig. 1 Rigid spacecraft, simulation results with output feedback con-
trol law (35) and (36).

whereas the observer Eqs. (24) become

Pz D Mar ¡
¡
l p C 1

2
lv¸e Q́e

¢
Q²e C kp Q²d C C.!o/!r C CT .!r /!o

!e D M¡1.z ¡ lv Q²e/ ¡ ¸e Q²e (36)

The control gains and the observer parameters are set to kp D 1600,
kv D 35, l p D 2400,lv D 120, and¸d D ¸e D 0:01,whereasthe inertia
matrix parametersused in the control law are affectedby a 40% error
with respect to the values used in the model. Moreover, a numerical
implementation of the control algorithm has been considered with
a sampling time of 5 ms.

The results reported in Fig. 1a show that good tracking perfor-
mance is obtained for the control law (35) and (36), also in the
presence of model uncertainty. Notice that the control inputs are
not affected by any chattering, in spite of measurement noise and
quantization.

The same case study has been considered using the passivity-
based control law proposed in Ref. 5, requiring full-state feedback,
that is,

u D M P!r C C.!/!r C kv .!r ¡ !/ C kp Q²d (37)

Becausevelocitymeasurementsare not available,the angularveloc-
ity in Eq. (37) is computed by inverting the quaternionpropagation
rule (Appendix A), that is,

! D 2

µ
¡²T

E3.´; ²/

¶ µ
Ṕ
P²

¶
(38)

where f´; ²g is the unit quaternion representing the actual attitude
of the spacecraft (available from orientation measurements) and its
time derivative is estimated by � ltering f´; ²g via the � rst-order
linear system

s=.1 C s¿/ (39)

with ¿ D 5 ms. The control gains kp and kv in Eq. (37) have been
set to the same values as those in Eq. (35).

The results reported in Fig. 2a show that tracking errors are com-
parable to those obtained with the output feedback control law;
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a) Tracking errors

b) Control inputs

Fig. 2 Rigid spacecraft, simulation results with control law (37).

however, the control inputs (Fig. 2b) are affected by a signi� cant
chattering phenomenon. This undesirable effect could be reduced
by increasing the time constant of the � lter (39) at the expense of a
greater tracking error.

B. Robot Manipulator
Consider a six-degree-of-freedomrobot manipulator. Let p0 and

R0 denote,respectively,the positionvectorand the rotationmatrixof
a frame 61 attached to the end effector with respect to a base frame
60. In the absenceof kinematicsingularities,the robotcon� guration
can be described in terms of the set X D f p0; R0g; hence, n D 3 and
l D 1. The (6 £ 1) end-effector velocity vector is given by

v D
µ

Pp0

!

¶
(40)

Then, the equations of the motion for the manipulator are formally
identical to Eq. (5), where the vector u represents the generalized
force, that is, forceandmoment, at theendeffector.The input torques
at joint actuators can be computed as

¿ D JT .q/u (41)

where q is the (6 £ 1) vector of joint variables and J is the (6 £ 6)
Jacobian matrix that is assumed to be nonsingular.

Note that the assumptionof the absenceof kinematicsingularities
is not too restrictivebecausean accuratemotionplanningfor the end
effector can be carried out to avoid singularities.On the other hand,
when such accurate motion planning is not feasible (e.g., when the
referencesare generatedin real time), the occurrenceof singularities
can be handledby resorting to, for example, a damped least-squares
pseudoinverseof the Jacobian (see Refs. 18 and 19).

Both a simulation and an experimental study have been carried
out on an industrial robot Comau SMART-3 S. The robot manipula-
tor has a six-revolute-jointanthropomorphic geometry, as depicted
in Fig. 3, where the coordinateframes 60 and 61 are evidenced.The
joints are actuated by brushless motors via gear trains. Shaft abso-
lute resolvers provide motor position measurements. The robot is
controlled by an open version of the C3G 9000 control unit, which
has a VME-based architecture with a bus-to-bus communication

Fig. 3 Robot manipulator, geometry of six-joint manipulator.

link to a personal computer Pentium. This is in charge of comput-
ing the control algorithm and passing the references to the current
servos through the communicationlink at a 1000-Hz sampling rate.
The joint shafts are not equippedwith tachometersfor velocitymea-
surements; moreover, the end-effector position and orientation are
computedfromjointpositionmeasurementsvia forwardkinematics.

The dynamic model of the robot manipulator has been identi� ed
in terms of a minimum number of parameters, where the dynamics
of the outer three joints have been chosen simply as purely inertial
and decoupled.22

The case study consists of tracking a commanded trajectory for
the end-effectorpositionand orientation,starting from the rest pose.
The path for the position is a straight line with a displacement
[0:2 0:2 ¡0:8]T m with respect to the base frame. At the same
time, a rotation of ¡¼=2 about the x axis of the base frame is com-
manded. The trajectory along the path is generated according to a
� fth-order polynomial pro� le with null initial and � nal velocities
and accelerations,with a 20-s duration.

First, the control law and the observer equations in Eqs. (22)
and (24) are tested, with parameters ¤d D ¤e D diagf20I3; 20I3g,
Kp D diagf3 ¢ 104I3; 2 ¢ 104I3g, Kv D diagf300I3; 50I3g, Lp D
diagf8 ¢ 103I3; 4 ¢ 103I3g, and Lv D diagf600I3; 300I3g.

Then, the passivity-basedcontrol law,

u D M. X / Pvr C C. X ; v/vr C Kv .vr ¡ v/ C Kped C g. X / (42)

requiring full-state feedback is tested. The absence of velocity mea-
surements is overcome by replacing the joint velocities by their
numerical derivatives, that is, obtained via � rst-order difference.
The gains Kv and Kp are set as they were for the output feedback
controller.

1. Simulations
A simulationstudyhas beenworkedout by consideringthe model

of the robotmanipulatorjustdescribed.A discrete-timeimplementa-
tionof thecontrolat a 1-ms sampling intervalis assumed;also,quan-
tizationeffects(16-bitA/D converter)andwhitenoise (10¡13 power)
on the joint position measurements have been considered. Simula-
tions have been performed in the MATLAB 5.2 with SIMULINK
2.2 environment.

The resultsobtainedwith theoutputfeedbackcontrol law (22)and
(24) are illustratedin Figs. 4 and 5. The time historiesof the position
and orientation errors (Fig. 4) show that good tracking is achieved,
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Position

Orientation errors

Fig. 4 Robot manipulator, simulation results with output feedback
control law (22) and (24).

Fig. 5 Robot manipulator, simulation results with output feedback
control law (22) and (24): commanded joint torques.

although a steady-state error is present due to the inaccurate com-
pensation of friction at low velocities.Moreover, the time histories
of the commanded joint torques (Fig. 5) show a small amount of
noise, despite the presence of noise and quantizationconsidered for
joint position measurements.

The results obtainedwith the passivity-basedcontrol law (42) are
reported in Figs. 6 and 7. It can be recognized that, with the chosen
set of gains, the performance in terms of tracking errors is slightly

Position

Orientation errors

Fig. 6 Robot manipulator, simulation results with control law (42).

Fig. 7 Robot manipulator, simulation results with control law (42):
commanded joint torques.

better than the output feedback control law. On the other hand, the
chattering of the commanded currents (Fig. 7) due to measurement
noise and quantization is much greater.

2. Experiments
An experimental investigation has been carried out on the

same robot to test the feasibility of the proposed approach when
implemented on a conventional robotic system. It is interesting to
compare the performance of the controller–observer scheme (22)
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Position

Orientation errors

Fig. 8 Robot manipulator, experimental results with control law (22)
and (24).

Fig. 9 Robot manipulator, experimental results with control law (22)
and (24): commanded joint torques.

and (24) vs the control law (42) in detail in the presence of pheno-
mena not modeled in the simulation, such as joint friction, backlash
and elasticity of gear trains, and electromagnetic disturbances due
to joint motors.

The results for the control law (22) and the observer (24) are
illustrated in Figs. 8 and 9, whereas the results obtained when the
control law (42) is adopted are reported in Figs. 10 and 11.

Note that theexperimentscon� rm thesimulationresults.In partic-
ular, the time historiesof the positionand orientationerrors (Figs. 8

Position

Orientation errors

Fig. 10 Robot manipulator, experimental results with control law (42).

Fig. 11 Robot manipulator, experimental results with control law (42):
commanded joint torques.

and 10) show that good tracking is achieved for both control laws,
although a steady-state error is present due to the inaccurate com-
pensation of friction at low velocities. Note that, with the chosen
set of gains, the performance in terms of tracking errors is slightly
better for the control law (42). The oscillatory behavior during the
motion can be ascribed to electromagnetic disturbances generated
by the joint actuators;this phenomenoncan be observedon the com-
manded joint torques as well (Figs. 9 and 11). Moreover, the pres-
ence of noisy measurements combined with nonlinear phenomena
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at low velocities (friction and backlash) leads to a strong chatter-
ing on the commanded joint torques and on the orientation errors.
This undesirablebehavior is avoidedwhen the proposedcontroller–
observer scheme is adopted.

V. Conclusions
In this paper, the problem of tracking control for a class of me-

chanical systems has been considered. It has been assumed that the
system con� guration is represented by a set of generalized coordi-
nates and by the orientation of a number of coordinate frames. A
novel aspect of this problem has been investigated here, namely,
the tracking of desired trajectories without using velocity measure-
ments. A controller–observer scheme has been devised and a rig-
orous proof of exponential convergence of both tracking and esti-
mation errors has been carried out by using the Lyapunov direct
method. Two case studies have been developed to compare the pro-
posed control law with a passivity-basedcontrol strategy. First, the
attitude control problem of a rigid spacecraftwas considered.Then,
the application to position and orientation control of the end effec-
tor of a robot manipulator was performed. In the former case, only
simulation results have been presented, whereas in the latter case,
both simulation and experimental results have been provided that
show the effectivenessof the proposed approach.

Appendix A: Unit Quaternion
The orientation of a given frame 6a with respect to a reference

frame can be expressedvia a four-parameterrepresentationin terms
of a unit quaternion, namely, Euler parameters,

Qa D f´a ; ²ag D fcos.µ=2/; k sin.µ=2/g (A1)

where µ and k are, respectively, the rotation and the (3 £ 1) unit
vector of an equivalentangle/axis descriptionof orientation.Notice
that the scalar part ´a and the vector part ²a of the quaternion are
constrained on the unit radius sphere of R4, that is,

´2
a C ²T

a ²a D 1 (A2)

Moreover, Qa D f´a ; ²ag and Q0
a D f¡´a; ¡²ag represent the same

orientation, and frame 6a is aligned with the reference frame as
long as ´a D §1 and ²a D 0.

The mutual orientationbetween two frames 6a and 6b can be de-
scribed by the rotation matrix Ra

b D RT
a Rb . The corresponding unit

quaternioncan be either extracteddirectlyfromRa
b (Ref. 23) or com-

puted by composition (quaternion product) of the unit quaternions
Q¡1

a D f´a; ¡ ²ag and Qb D f´b; ²bg:

QQba D
©

Q́ba ; Q²a
ba

ª
D Q¡1

a ¤ Qb

D
©
´a´b C ²T

a ²b; ´a²b ¡ ´b²a ¡ S.²a/²b

ª
(A3)

where the asterisk denotes the quaternion product.20 If the two
frames are aligned, this product is Ra

b D I3 , where I3 denotes the
(3 £ 3) identitymatrix. In this case, Q́ba D §1 and Q²a

ba D 0, and, thus,
Q²a
ba can be used to represent an orientation error.
The relationship between the time derivative of the quaternion

components and the angular velocity Q!a
ba D RT

a .!b ¡ !a/ of the
frame 6b relative to the frame 6a , expressed in 6a , is established
by the so-called quaternion propagation rule

PQ́ba D ¡ 1
2

Q²aT
ba Q!a

ba (A4)

PQ²a
ba D 1

2 E3

¡
Q́ba ; Q²a

ba

¢
Q!a

ba (A5)

with

E3

¡
Q́ba; Q²a

ba

¢
D Q́baI3 ¡ S3

¡
Q²a
ba

¢
(A6)

When l different coordinate frames are considered, it is conve-
nient to considerthe set of unitquaternionsQ D fQ1; : : : ; Ql g repre-
senting the orientation of the frames and the correspondingstacked
vectors

´ D

2

4
´1
:::
´l

3

5 ; ² D

2

4
²1
:::
²l

3

5 (A7)

Hence, the representationof l mutual orientations can be expressed
in terms of the stacked vectors Q́ and Q². Moreover,when the stacked
velocity vector Q! and the diagonal matrices are de� ned,

N. Q²/ D diag
©

Q²T
1 ; : : : ; Q²T

l

ª

E. Q́; Q²/ D diagfE3. Q́1; Q²1/; : : : ; E3. Q́l; Q²l/g

the propagation rule can be generalized as follows:

PQ́ D ¡ 1
2 N. Q²/ Q! (A8)

PQ² D 1
2 E. Q́; Q²/ Q! (A9)

Appendix B: Proof of Theorem 1
Consider the positive-de�nite Lyapunov function candidate

V D 1

2
¾T

d M. X /¾d C 1

2
¾T

e M. X /¾e

C
1

2
QxT
d KpX Qxd C

lX

i D 1

k pOi

£
.1 ¡ Q́d i /

2 C Q²T
di Q²di

¤

C 1

2
QxT
e LpX Qxe C

lX

i D 1

l pOi

£
.1 ¡ Q́ei /

2 C Q²T
ei Q²ei

¤
(B1)

In view of property 3 and of the propagation rule (A4) and (A5),
the time derivative of V along the trajectories of the closed-loop
system (31) and (32) is given by

PV D ¡¾T
d Kv¾d ¡ eT

de¤dKped ¡ eT
e ¤eLpee

¡ ¾T
e [LvA. Q́e; Q²e/ ¡ Kv]¾e ¡ ¾T

d C. X ; ¾e/vr

C ¾T
e CT . X ; ¾d/vo ¡ ¾T

d M. X /SO . Q!d /vd (B2)

In the following, it is assumed that Q́di > 0 and Q́ei > 0 (i D
1; : : : ; l). When the angle/axis interpretationof the unit quaternion
is considered, the preceding assumption corresponds to consider-
ing orientationerrors characterizedby angular displacements in the
range ]¡¼; ¼ [.

Note that the equality, where i D 1; : : : ; l,

Q²T
dei Q²di D Q́ei Q²T

di Q²di ¡ Q́di Q²T
di Q²ei

implies that

eT
de¤dKped D QxT

d ¤d X KpX Qxd ¡ QxT
d ¤d X KpX Qxe

C
lX

i D 1

¸d Oi kpOi Q́ei k Q²di k2 ¡
lX

i D 1

¸dOi kpOi Q́di Q²T
d i Q²ei

and, thus,

eT
de¤dKped ¸ kpm Q́emkedk2 ¡ kpM kedkkeek (B3)

where kpm (kpM ) is the minimum (maximum) eigenvalue of the
matrix ¤dKp , and Q́em D mini f Q́ei g. Moreover, in view of the block
diagonal structureof the matrix Lv and of the skew symmetry of the
matrix S3.¢/, the following inequality holds:

¾T
e LvA. Q́e; Q²e/¾e ¸ 1

2
lvm Q́emk¾ek2 (B4)

where lvm is the minimum eigenvalue of the matrix ¤v .
In view of properties 1 and 3 and Eqs. (20), (29), (B3), and (B4),

and when it is taken into account that v D vd ¡ Qvd with kvd k · vd M ,
the function PV can be upper bounded as
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PV · ¡kvm k¾d k2 ¡ kpm Q́em ked k2 ¡ .lvm=2/ Q́em k¾ek2

C kvM k¾ek2 ¡ l pm keek2 C kpM ked kkeek

C CM k¾d kk¾ek.2k Qvdk C 2vd M C k¾dk C k¾ek/

C MM vd M k¾dkkQvdk (B5)

wherekvm (kvM ) denotesthe minimum(maximum) eigenvalueof the
matrix Kv and l pm is the minimum eigenvalue of the matrix ¤eLp .

Consider the state-space domain de� ned as follows

B½ D f³ : k³k < ½; ½ < 1g (B6)

with Q́di > 0 and Q́ei > 0 (i D 1; : : : ; m). In B½ , the following in-
equality holds

k Qvdk D k¾d ¡ ¤dedek · .1 C 2¸d M /½ (B7)

where ¸d M denotes the maximum eigenvalue of the matrix ¤d and
the inequality

kedek · ked k C keek (B8)

has been used, which can be derived from Eqs. (18) and (19) when
Eqs. (A2) and (A3) are taken into account.

When the squares in Eq. (B5) are completed, and by the use of
inequality (B7), it follows that

PV · ¡.kvm ¡ ¯.1 C ¸d M / ¡ CM .® C ½//k¾dk2

¡
³

lvm

2
Q́em ¡ kvM ¡ CM .® C ½/

´
k¾ek2

¡ 1

2
.kpm Q́em ¡ ¸d M ¯/kedk2 ¡ 1

2
.l pm ¡ ¸d M ¯/keek2

¡ 1

2

µ
ked k
keek

¶T µ
kpm Q́em ¡kpM

¡kpM l pm

¶ µ
kedk
keek

¶
(B9)

where ® D .1 C 2¸d M /½ C vd M and ¯ D MM vd M . Hence, there exists
a scalar · > 0 such that

PV · ¡·k³k2 (B10)

in the domain B½ , provided that the controller and observer para-
meters satisfy the inequalities

k pm > ¯¸d M

¯p
1 ¡ ½2 (B11)

kvm > CM.® C ½/ C ¯.1 C ¸d M / (B12)

l pm > max
©
k2

pM

¯
kpm

p
1 ¡ ½2; ¯¸d M

ª
(B13)

lvm >
¡
2
¯p

1 ¡ ½2
¢
[kvM C CM .® C ½/] (B14)

where the inequality 0 < Q́em <
p

.1 ¡ ½2/ < 1 has been exploited.
Therefore, given a domain B½ , characterizedby any ½ < 1, there

always exists a set of observer and controller gains such that PV · 0
in B½ . Moreover, for Q́di ¸ 0 and Q́ei ¸ 0 (i D 1; : : : ; l), the following
inequality holds:

0 · .1 ¡ Q́di /
2 · .1 ¡ Q́di /.1 C Q́di / D k Q²di k2

and a similar inequalitycan be written in terms of Q́ei and Q²ei . Hence,
function V can be bounded as

cm k³k2 · V .³/ · cM k³k2 (B15)

with

cm D 1
2 min

©
Mm; k 0

pm ; l 0
pm

ª
; cM D 1

2 max
©

MM ; 4k 0
pM ; 4l 0

pM

ª

where k0
pm (k 0

pM ) is the minimum (maximum) eigenvalue of the
matrix Kp and l 0

pm (l 0
pM ) is the minimum (maximum) eigenvalue of

the matrix Lp .
Because V .t/ is a decreasing function along the system trajecto-

ries, the inequality (B15) guarantees that, for a given 0 < ½ < 1, all
of the trajectories ³.t/ starting in the domain

Ä½ D
©
³ : k³k < ½

p
cm =cM

ª
(B16)

remain in the domain B½ for all t > 0, provided that Q́di .t/ > 0 and
Q́ei .t/ > 0, i D 1; : : : ; l, for all t > 0. The latter condition is ful-
� lled when Q́di .0/ and Q́ei .0/ are positive. In fact, k Q²di k < ½ < 1
and k Q²ei k < ½ < 1 for all t > 0 implies that Q́di .t/ and Q́ei .t/ cannot
change their signs.

Moreover, from inequalities (B10) and (B15), the convergencein
the domain B½ is exponential,24 which implies exponential conver-
gence of ed , ee , Qvd , and Qve .

The condition ½ < 1 is due to the unit norm constraint on the
quaternion components and gives a rather conservative estimate of
the domain of attraction. Note, however, that this limitation arises
when spheres are used to estimate the domain of attraction. Better
estimates can be obtained by the use of the domains of different
shapes, for example, ellipsoids.
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